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Introduction

Classical Computer

state: 0, 1 (discrete)
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Introduction

Quantum Computer

state:  |0), |1), a|0) + 5|1) (continuous)
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Introduction

Quantum Computer
state:  |0), |1), a|0) + 5|1) (continuous)

susceptible to error
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Quantum gate

simple one qubit gate

720) | R] R|ny)

at

o
0]

2011-03-11 M. Bando(Kinki Univ.) Robust Quantum Gates



introduction quantum gates classification example summary

00@000 0000 00000 00000000

Quantum gate

R(m,0) = exp (—z‘@m : U)

0: control field strength x time

m: unit vector (m € R%) , o = (04, 0y, 0.)

e.g.
0=n/2, m=(0,1,0)
rotate m/2 around y axis

1

R10) = = (10) + 1))
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Error?

unwanted inputs z

®m unwanted random inputs
= noise
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Error?
unwanted inputs z

®m unwanted random inputs
= noise

m unwanted systematic inputs
— error
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Error?
unwanted inputs z

®m unwanted random inputs
= noise

m unwanted systematic inputs
——> error

2011-03-11 M. Bando(Kinki Univ.) Robust Quantum Gates



introduction
000080

in NMR...

quantum gates classification example
0000

summary
00000 00000000

composite pulse
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composite pulse

ino) —H- Ry Ry - Ry |— - IRy~ Ry RoRi o)

z
simple pulse |00
no) —— RI—— RIno)
N T
T[[R =R
J=1 . |10
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Framework

How have composite quantum gates been designed up to now?

m from experience
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Framework

How have composite quantum gates been designed up to now?
m from experience
m calculation by using quaternion

H. K. Cummins, et. al, Phys. Rev. A 67, 042308 (2003),
W. G. Alway, J. A. Jones, J. Magn. Reson. 189 (2007) 114-120

— Not easy to understand physical meaning

— Complex calculation

4
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Framework

How have composite quantum gates been designed up to now?
m from experience
m calculation by using quaternion

H. K. Cummins, et. al, Phys. Rev. A 67, 042308 (2003),
W. G. Alway, J. A. Jones, J. Magn. Reson. 189 (2007) 114-120

— Not easy to understand physical meaning

— Complex calculation

m New framework
+ Clear physical meaning

+ Simple calculation
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Time-evolution operator

composite pulse

ne) —HRi HR:HRs |-+ —|[Rv-H+— B+ RoRi|ny)

my - o

R =exp (—iHN ) exp (—iHN,l

4

UA(1,0) = T exp (—i / 1dtH(>\(t)))

0

mel‘U')
2
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Time-evolution operator

U(1,0) € SU(n)

Ux(1,0) := T exp (—z’ /0 ldtH()\(t)))

4 N
Hamiltonian  H(A(t)) :== A, ()7,
in case of n = 2
[ H\(t)) = )\u(t)% . (0, : Pauli matrices) j
control parameter  A(t) = (A1(¢), ..., Anz_1(t))
n?—1 dimension orthogonal basis 7, (u=1,...,n?—1)
\_ %
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Time-evolution operator

U(1,0) € SU(n)

U5(1,0) = T exp (—z' /0 1dtH()\(t)))

summary

e.g.
n=2, A=(6,0,0)

U(1,0) = exp (-ie %) = R(x,0)

[ Hamiltonian  H(A(t)) := A, ()7,

)
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Definition of “robust quantum gate”

time-evolution operator with error

Uninn(1,0) = Un(1,0)(1+ O(15A) )
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Definition of “robust quantum gate”

time-evolution operator with error
Uninn(1,0) = Un(1,0)(1+ O(15A) )

if the first order term of error vanishes

——> | robust against error

Uninn(1,0) = Un(1,0) (1+ O(3A))

[ SA(t) - error  (|OA(t)| < |A(B)]) J
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time-evolution with error

time-evolution operator (with error)
1
Uyis(1,0) = Ux(1,0) — z’UA(l,O)/ dt Hy(SA()) + O(I5A]?)
0

(Hf(é)\(t)) . error term of Hamiltonian at interaction picture]
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time-evolution with error

time-evolution operator (with error)
1
Uy ssn(1,0) = Ux(1,0) — il (1, 0)/ dt Hy(SA()) + O(I5A]?)
0

(Hf(é)\(t)) . error term of Hamiltonian at interaction picture]

robustness condition

/ i Hi(5A(t)) = 0
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systematic error: 9\, (t) = F,(A(t)) = fu + fuAu(t) +

robustness condition
“/ /dtHI (ON(t

f“/o dt7,(t) + f“”/o dtT, (D)) + ... =0

Hi(OA(t)) = 6Au(t)7u(?)
7u(t) = U\(O)'nOx() . HOA®)) = 0N,
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fu /Oldt%u(t) =0

expectation value: (| 7,(%) [¢) = (@(t)| 7 (1)) = @ (t)

/Oldtgo(t) =0

R" ! control parameter A(t)

[ p(t) : generalized Bloch vector J
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L 1
fu /0 dt 7,(t) = 0 fur /0 dt 7, (DA (t) = 0

1
f/w = Néuufpp + %(f/w - fz/u) + |:%(f;w + fuu) - %(iwfpp
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quantum gates
0000

f,uu = 75,uufpp

N

classification
00080

example
00000000

1
fu,,/odt Tu(t)A(t) =0

1
/ﬁ@@:@
0

== error on norm |A(t)|

R™

2011-03-11 M. Bando(Kinki Univ.)

~1: control parameter A(t) space

summary

Robust Quantum Gates
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1
f,uu: i(fuu*fuu)

1
/ dt (FuAy — FpA) = 0
0

= rotation of A(t)

2
R™ ~1: control parameter A(t) space
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S| 1
fu / dt 7, (t) = 0 fuy/odtfu(t)Ay(t):0

J0O

1 1
f,u,u = \ |:2(fp,u + fyp,) - N5uyfpp:|

/1dt Tud + T du S Tpdy
0 2 N

= torsion of A(t)

R™~1: control parameter \(t)

space
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1
méﬁ@w—

1
/dt p(t) =0 = constant error
0

1
fW/O dt T, (t)A,(t) =0

1
/ dt TuAy =0 = norm of A(?)
Jo o

1
/dt TyAu) =0 == rotation of A(t)
0

1
1
/0 [ (Tudv + T Ap) — N(;/W%P)‘P =0 = torsion of \(t)
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1
fﬂ/ dt7,(t) = 0
0

1
/ dt ¢(t) =0 = constant error
Jo

1
fuw / a7, ()0 (8) = 0
JO

1
/ dtTuA, =0 = norm of A(t)

Jo.
1
/d?L Tudv — TuAy) =0 rotation of A(t)
0
1 1
/odt { (Tudw + ToAp) — Néu,ﬁp)\p =0 torsion of \(t)
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Discretization

discretization

Untsx(1,0) = Unvysav (1, En—1) - .- Unigani (1, 0)

0,
U)\j(tj,tj_l) = R(mj,Qj) = exp (—Zgj m; - 0')

pulse strength error

. m;-o
Union(tj tj—1) = exp <_Z6j(1 +e)—2 )

2

error in 6 (rotating angle)
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Robustness condition

robustness condition

/ dt Hy(M() = 0 — / A0 (1, 0) HO)Ur(t5,0) = 0

robustness condition for error in 6

N
> Unv o Ui (HiT)Uys ... Ui =0
j=1

0,; 1
Hij="2m; o—
J J j—‘j

5 (T; =t; —tj—1)
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Phases
Aharonov-Anandan phase

t:']l/\

exp(i 7){ >

t=0—— [n(1)) = exp (iv) [n(0))

@ Y=Y T Ve
[

\projective Hilbert space

T
dynamic phase: 74 = —/ (n(t)| H |n(t))dt
0

geometric phase: 7, =7 — 74 (H : Hamiltonian)
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Cyclic States

n(0)), |n-(0)) e — |
S
(n(0)| - (0)) =0 =0T ——]

(1)) = exp (i) [ 0) /\;)/
[
\

projective Hilbert space

7(0)) = ay [n4(0)) + a— [n_(0))
n(1)) = are"* [n4(0)) + a—e [n_(0))

quantum gate(time-evolution operator)

U = ape [ni(0)) (n(0)] + a—e”~ [n_(0)) (n—(0)|
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phase and robustness condition

expectation value for cyclic states...

N
O)| Z U)\N cen U)\j+1 (HjTj)U)\j cen U)\l |n(0)>
"MZ ti)| H;T; [n(t;))

N
—i0/2
=e E V4,5
j=1
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phase and robustness condition

expectation value for cyclic states...

N
O)| Z U)\N cen U)\j+1 (HjTj)UM‘ cen U)\l |n(0)>
"MZ ti)| H;T; [n(t;))

N
—10/2
=e 02N "y,
=

N
> ui=0 = U =Us(1+0()
j=1 —
dynamic phase robust against
<~ . .
is0 " systematic control field strength error”
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W1 sequence
UW1 = R(m1,7T)R(m2, 27T)R(m1,7r) =1

Composite

R(z, 7/4) Uy R(z, 7/4)

¢1 = tarccos (—0/(4m)), ¢2 =31
m; = (cos ¢;, sing;, 0)
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W1 sequence
Uwi = 6™ [2) (@] + e~V | ) (—a
YW1 =Yg w1 +Yaw1 =0, yawi = —Ygwi1 =0/2

Dynamic Phase Gate Geometric Phase Gate

=  R(x,0/2)Uw1R(z,0/2)

Yo = —6/2 Ya=—0/2+6/2=0

summary
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W1 sequence

simple 90x gate composite 90x gate

z
|oo

simple 90x gate and composite 90x gate with 10% error in 6

magnitude of displacement

summary

~ 1072 (simple)

1 . ,
J J
3 E:n/\-l—é/\'n)\_

=01 ~ 1076 (composite)

n) = (j|UlaUy |j) | n sx = U)Jr\+5)\UU)\+6)\ 7
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Summary

m conditions for robust quantum gate
m physical meaning

m phases and robustness

References

m Y. Kondo and M. Bando, accepted for publication in J. Phys. Soc. Jpn.,

arXiv:1005.3917.

summary
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