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Introduction

Classical Computer

state: 0, 1 (discrete)
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Introduction

Quantum Computer

state: |0〉 , |1〉 , α |0〉+ β |1〉 (continuous)

susceptible to error
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Quantum gate
simple one qubit gate

y
x

spin
｜0〉

｜1〉

|n0〉 R R |n0〉~w
gate

|n0〉 = α |0〉+ β |1〉

� �
|α|2 + |β|2 = 1 , |0〉 =

(
1

0

)
, |1〉 =

(
0

1

)
� �
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Quantum gate

R(m, θ) = exp
(
−iθ

m · σ
2

)
� �

θ: control field strength × time

m: unit vector (m ∈ R3) , σ = (σx, σy, σz)� �
e.g.

y
x

spin
｜0〉

｜1〉

θ = π/2 , m = (0, 1, 0)

rotate π/2 around y axis

R |0〉 = 1√
2
(|0〉+ |1〉)
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Error?

unwanted inputs

unwanted random inputs

=⇒ noise
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unwanted systematic inputs

=⇒ error
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in NMR...

composite pulse

|n0〉 R1 R2 R3 · · · RN RN · · ·R2R1 |n0〉

simple pulse

|n0〉 R R |n0〉

T
N∏
j=1

Rj = R

|0〉

|1〉

y

x

z
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Framework

How have composite quantum gates been designed up to now?

from experience

calculation by using quaternion
H. K. Cummins, et. al, Phys. Rev. A 67, 042308 (2003),

W. G. Alway, J. A. Jones, J. Magn. Reson. 189 (2007) 114-120

– Not easy to understand physical meaning

– Complex calculation

⇓
New framework
+ Clear physical meaning

+ Simple calculation
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Time-evolution operator

composite pulse

|n0〉 R1 R2 R3 · · · RN RN · · ·R2R1 |n0〉

R = exp
(
−iθN

mN · σ
2

)
exp

(
−iθN−1

mN−1 · σ
2

)
· · ·

⇓
Uλ(1, 0) := T exp

(
−i

∫ 1

0

dtH(λ(t))

)
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Time-evolution operator

Uλ(1, 0) ∈ SU(n)

Uλ(1, 0) := T exp

(
−i

∫ 1

0

dtH(λ(t))

)
� �
Hamiltonian H(λ(t)) := λµ(t)τµ

in case of n = 2� �
H(λ(t)) = λµ(t)

σµ

2
, (σµ : Pauli matrices)� �

control parameter λ(t) = (λ1(t), . . . , λn2−1(t))

n2−1 dimension orthogonal basis τµ (µ = 1, . . . , n2−1)� �
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Time-evolution operator

Uλ(1, 0) ∈ SU(n)

Uλ(1, 0) := T exp

(
−i

∫ 1

0

dtH(λ(t))

)
e.g.

n = 2 , λ = (θ, 0, 0)

Uλ(1, 0) = exp
(
−iθ

σx

2

)
= R(x, θ)� �

Hamiltonian H(λ(t)) := λµ(t)τµ� �
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Definition of “robust quantum gate”

time-evolution operator with error

Uλ+δλ(1, 0) = Uλ(1, 0)
(
1 +O(|δλ|)

)
if the first order term of error vanishes

=⇒ robust against error

Uλ+δλ(1, 0) = Uλ(1, 0)
(
1 +O(|δλ|2)

)
� �

δλ(t) : error ( |δλ(t)| � |λ(t)| )� �
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time-evolution with error

time-evolution operator (with error)

Uλ+δλ(1, 0) = Uλ(1, 0)− iUλ(1, 0)

∫ 1

0

dtHI(δλ(t)) +O(|δλ|2)

� �
HI(δλ(t)) : error term of Hamiltonian at interaction picture� �

robustness condition∫ 1

0

dtHI(δλ(t)) = 0
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systematic error: δλµ(t) = Fµ(λ(t)) = fµ + fµνλν(t) + . . .ww� robustness condition� �∫ 1

0

dtHI(δλ(t)) = 0� �
fµ

∫ 1

0

dtτ̃µ(t) + fµν

∫ 1

0

dtτ̃µ(t)λν(t) + . . . = 0

� �
HI(δλ(t)) = δλµ(t)τ̃µ(t)

τ̃µ(t) = Uλ(t)
†τµUλ(t) , H(δλ(t)) = δλµτµ� �
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fµ

∫ 1

0

dt τ̃µ(t) = 0 fµν

∫ 1

0

dt τ̃µ(t)λν(t) = 0

expectation value: 〈ϕ| τ̃µ(t) |ϕ〉 = 〈ϕ(t)| τµ |ϕ(t)〉 = ϕµ(t)

∫ 1

0

dtϕ(t) = 0

Rn2−1 : control parameter λ(t)� �
ϕ(t) : generalized Bloch vector� �
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fµ

∫ 1

0

dt τ̃µ(t) = 0 fµν

∫ 1

0

dt τ̃µ(t)λν(t) = 0

fµν =
1

N
δµνfρρ +

1

2
(fµν − fνµ) +

[
1

2
(fµν + fνµ)−

1

N
δµνfρρ

]
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fµ

∫ 1

0
dt τ̃µ(t) = 0 fµν

∫ 1

0
dt τ̃µ(t)λν(t) = 0

fµν =
1

N
δµνfρρ +

1

2
(fµν − fνµ) +

[
1

2
(fµν + fνµ)−

1

N
δµνfρρ

]

∫ 1

0
dt τ̃µλµ = 0

=⇒ error on norm |λ(t)|

Rn2−1: control parameter λ(t) space
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fµ

∫ 1

0
dt τ̃µ(t) = 0 fµν

∫ 1

0
dt τ̃µ(t)λν(t) = 0

fµν =
1

N
δµνfρρ +

1

2
(fµν − fνµ) +

[
1

2
(fµν + fνµ)−

1

N
δµνfρρ

]

∫ 1

0
dt (τ̃µλν − τ̃νλµ) = 0

=⇒ rotation of λ(t)

Rn2−1: control parameter λ(t) space
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fµ

∫ 1

0
dt τ̃µ(t) = 0 fµν

∫ 1

0
dt τ̃µ(t)λν(t) = 0

fµν =
1

N
δµνfρρ +

1

2
(fµν − fνµ) +

[
1

2
(fµν + fνµ)−

1

N
δµνfρρ

]

∫ 1

0
dt

[
τ̃µλν + τ̃νλµ

2
− δµν τ̃ρλρ

N

]
= 0

=⇒ torsion of λ(t)

Rn2−1: control parameter λ(t)

space
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Discretization

discretization

Uλ+δλ(1, 0) = UλN+δλN (1, tN−1) . . . Uλ1+δλ1(t1, 0)� �
Uλj(tj, tj−1) = R(mj, θj) = exp

(
−i

θj
2
mj · σ

)
� �
pulse strength error

Uλ+δλ(tj, tj−1) = exp
(
−iθj(1 + ε)

mj · σ
2

)
error in θ (rotating angle)
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Robustness condition

robustness condition� �∫ 1

0

dtHI(λ(t)) = 0 =⇒
∫ 1

0

dt Uλ(tj, 0)
†H(λ(t))Uλ(tj, 0) = 0

� �
robustness condition for error in θ

N∑
j=1

UλN . . . Uλj+1(HjTj)Uλj . . . Uλ1 = 0

� �
Hj =

θj
2
mj · σ

1

Tj
, (Tj = tj − tj−1)� �
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Phases
Aharonov-Anandan phase

|n(1)〉 = exp (iγ) |n(0)〉

γ = γd + γg

� �
dynamic phase: γd = −

∫ T

0

〈n(t)|H |n(t)〉 dt

geometric phase: γg = γ − γd (H : Hamiltonian)� �
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Cyclic States

|n+(0)〉 , |n−(0)〉� �
〈n+(0)|n−(0)〉 = 0

|n±(1)〉 = exp (iγ±) |n±(0)〉� �
|n(0)〉 = a+ |n+(0)〉+ a− |n−(0)〉

|n(1)〉 = a+e
iγ+ |n+(0)〉+ a−e

iγ− |n−(0)〉

quantum gate(time-evolution operator)

U = a+e
iγ+ |n+(0)〉 〈n+(0)|+ a−e

iγ− |n−(0)〉 〈n−(0)|
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phase and robustness condition
expectation value for cyclic states...

〈n(0)|
N∑
j=1

UλN . . . Uλj+1(HjTj)Uλj . . . Uλ1 |n(0)〉

= e−iθ/2
N∑
j=1

〈n(tj)|HjTj |n(tj)〉

= e−iθ/2
N∑
j=1

γd,j

N∑
j=1

γd,j = 0 =⇒ Uλ+δλ = Uλ

(
1 +O(ε2)

)
dynamic phase

is 0
⇐⇒

robust against

”systematic control field strength error”
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W1 sequence
UW1 = R(m1, π)R(m2, 2π)R(m1, π) = I

Single Composite

|0〉

|1〉

z
|0〉

|1〉

z

R(x, π/2) R(x, π/4)UW1R(x, π/4)� �
φ1 = ± arccos (−θ/(4π)) , φ2 = 3φ1

mi = (cosφi, sinφi, 0)� �
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W1 sequence

UW1 = eiγW1 |x〉〈x|+ e−iγW1 |−x〉〈−x|

γW1 = γg,W1 + γd,W1 = 0 , γd,W1 = −γg,W1 = θ/2

Dynamic Phase Gate Geometric Phase Gate

R(x, θ) =⇒ R(x, θ/2)UW1R(x, θ/2)

|0〉

|1〉

z
|0〉

|1〉

z

γd = −θ/2 γd = −θ/2 + θ/2 = 0
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W1 sequence
simple 90x gate composite 90x gate

|0〉

|1〉

z

|0〉

|1〉

z

|0〉

|1〉

z

|0〉

|1〉

z

simple 90x gate and composite 90x gate with 10% error in θ

magnitude of displacement

1− 1

2

∑
j=0,1

nj
λ+δλ · nj

λ =

 ∼ 10−2 (simple)

∼ 10−6 (composite)

nj
λ = 〈j|U †

λσUλ |j〉 , nj
λ+δλ = 〈j|U †

λ+δλσUλ+δλ |j〉
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Summary

conditions for robust quantum gate

physical meaning

phases and robustness
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