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Introduction

composite quantum gates

N∏
j=1

R(mj , θj) = R(m, θ)

fully compensating composite quantum gate

N∏
j=1

R(mj , θj(1 + ε)) = R(m, θ) +O(ε2)
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Geometric Quantum Gates

phases

|n(1)〉 = eiγ |n(0)〉 , γ = γd + γg� �
γd: dynamic phase , γg: geometric phase� �
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Geometric Quantum Gates

geometric phase: γg = i

∫ 1

0
〈n(t)| d

dt
|n(t)〉 dt

dynamic phase: γd = −
∫ 1

0
〈n(t)|H |n(t)〉 dt

H: Hamiltonian
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Composite Pulse

single-qubit operations

R(m, θ) = exp
(
−iθ

m · σ
2

)
� �

θ: control field strength , m: axis of rotation (|m| = 1)
σ = (σx, σy, σz)� �

error in θ

R(m, θ(1 + ε)) = R(m, θ) +O(ε)
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Composite Pulse

single-qubit operation Hamiltonian

R(m, θ) = exp

(
−i

θ

2
m · σ

)
⇐⇒ H(m, θ) =

θ

2
m · σ

dynamic phase

γd = −
∫ 1

0
〈n|H(m, θ) |n〉 = − θ

2
m · n

� �
n: Bloch vector , |n〉: state vector

n = 〈n|σ |n〉� �
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Composite Pulse and Dynamic Phase

systematic control field strength error

N∏
j=1

R(mj , θj(1 + ε)) = R(m, θ) +

N∑
j=1

RN . . . Rj

(
−iε

θj
2
mj · σ

)
. . . R1 +O(ε2)

= R(m, θ)− iε

N∑
j=1

RN . . . (RjHj) . . . R1 +O(ε2)

� �
Rj = R(mj , θj) = exp

(
−iθj

mj · σ
2

)
Hj = H(mj , θj) =

θj
2
mj · σ� �
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Composite Pulse and Dynamic Phase

expectation value

−〈n0|
N∑
j=1

RN . . . RjHjRj−1 . . . R1 |n0〉 = −e−iθ/2
N∑
j=1

〈nj−1|Hj |nj−1〉

= −e−iθ/2
N∑
j=1

γd,j

N∑
j=1

γd,j = 0 =⇒
N∏
j=1

R(mj , θj(1 + ε)) = R(m, θ) +O(ε2)

composite quantum gate is robust against
control field strength error.
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SCROFULOUS pulse

SCROFULOUS pulse

R(m1, θ1)R(m2, π)R(m1, θ1) = R(x, θ)

mi = (cosφi, sinφi, 0)
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SCROFULOUS pulse

condition 1� �
〈x|R(m1, θ1)R(m2, π)R(m1, θ1) |x〉 = e−iθ/2� �

=⇒ cos θ1 =
tan(φ1 − φ2)

tanφ1
, sin

θ

2
=

sin(φ1 − φ2)

sinφ1

condition 2� �
3∑

j=1

〈nj−1|Hj |nj−1〉 = 0

� �
=⇒ 2θ1 cos(φ1 − φ2) + π = 0

same as H. K. Cummins, G. Llewellyn, and J. A. Jones, Phys. Rev. A 67, 042308 (2003).
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Trotter-Suzuki Formula

Trotter-Suzuki formula

when B =
∑

Al,

exp (−iBt) =
∏
l

exp (−iAlt) +O(t2)

� �
A: series of Hamiltonian

B: Hamiltonian� �
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Composite Pulse based on Trotter-Suzuki Formula

R(x, θ)

erroneous rotation

R(x, θ(1 + ε)) = R(x, θ)R(x, θε)

if
∏

j Rj = R(x, −θε),∏
j

Rj

R(x, θ) −→ reliable quantum gate
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Composite Pulse based on Trotter-Suzuki Formula

Trotter-Suzuki formula� �
exp (−iBt) =

∏
l

exp (−iAlt) +O(t2)

� �
R(x, −θε) = exp

[
−i

(
−θ

σx
2

)
ε
]

=

N∏
l=1

exp (−iAlε) +O(ε2)

where

N∑
l=1

Al = −θ
σx
2
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Composite Pulse based on Trotter-Suzuki Formula

Now we set N = 2.

Al −→ A+, A−

For example,

A± = −2π
m± · σ

2

m± = (cosφ, ± sinφ, 0) , φ = cos−1

(
θ

4π

)
⇓

R(m+, −2π(1 + ε))R(m−, −2π(1 + ε)) = exp(−iA+ε) exp(−iA−ε)

R(m+, −2π)R(m−, −2π)R(x, θ) =⇒ reliable quantum gate
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Composite Pulse based on Trotter-Suzuki Formula

condition

A+ +A− = −θ
σx

2

0 = θ
σx

2
+A+ +A−

= 〈x| θ σx

2
+A+ +A− |x〉

= 〈x| θ σx

2
|x〉+ 〈x|R(x, −θ)A−R(x, θ) |x〉

+ 〈x|R(x, −θ)R(m−, 2π)A+R(m−, −2π)R(x, −θ) |x〉

condition for using Trotter-Suzuki formura

A+ +A− = −θ
σx
2

=
∑

j γdj = 0
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Summary

All GQG with Aharanov-Anandan phases are fully compensating
composite quantum gates that are robust against control field
stlength errors.

The condition for using the Trotter-Suzuki formuras is equivalent that
the sum of dynamic phases in a composite quantum gate is vanishing.
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